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Some new parameterizations for the Diophantine bi-orthogonal monoclinic piped
Randall L. Rathbun
Abstract. The bi-orthogonal monoclinic Diophantine parallelepiped is introduced, then the s-parameters
and their governing equation for the bi-orthogonal monoclinic Diophantine parallelepiped are discussed.
Previous discoveries and parameterizations of the monoclinic piped are noted. Then two parameteriza-
tions P
“
1
2
, s2, s3, s4
‰
, si P Q,Z are given for a specific type of Diophantine bi-orthogonal monoclinic paral-
lelepiped. Next, a parameterization P rs1, s2, s3, s4s , si P Q,Z is presented which covers 99.5% of solutions
found by raw computer searches. Several asymptotic sequences approaching the perfect cuboid are listed,
and some final comments made.
The bi-orthogonal monoclinic Diophantine parallelepiped
Let Figure 1 be a general bi-orthogonal monoclinic Diophantine parallelepiped, which is a cuboid with
two right angles at any vertice(bi-orthogonal), but the third is not a right angle, but either acute or ob-
tuse(monoclinic). This figure is composed of two congruent parallelograms (not rectangles) joined by 4
orthogonal rectangles, all of whose edges are rational or integer. Let x, y, z, denote the three different edges,
x
y
z
a
b
c1
c2
d1
d2
Figure 1. The Bi-orthogonal Monoclinic Cuboid.
with x, y, z P Z. The face rectangle px, yq has diagonal a, the face rectangle px, zq has diagonal b and the
face parallelogram py, zq has diagonals c1, c2. The two different body diagonals are denoted by d1, d2.
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These lengths satisfy the equations
x2 ` y2 “ a2(1)
x2 ` z2 “ b2(2)
x2 ` c21 “ d21(3)
x2 ` c22 “ d22(4)
2y2 ` 2z2 “ c21 ` c22(5)
2y2 ` 2b2 “ d21 ` d22(6)
2a2 ` 2z2 “ d21 ` d22(7)
These equations are from Wyss [10].
The bi-orthogonal monoclinic Diophantine parallelepiped belongs to the family of perfect parallelepipeds.
These perfect parallelepipeds have all twelve edges rational, (there are only 3 distinct values), all six face
diagonals rational, and all four body diagonals rational. The family contains triclinic, biclinic, and monoclinic
pipeds. The perfect cuboid, if it exists, would belong to this family. It is still unknown if this cuboid exists
or not, see Guy [1].
The s-parameters and the governing equation
We divide the integer or rational lengths of the piped by x to obtain:
1`
´y
x
¯2 “ ´a
x
¯2
let
y
x
“ u1 & a
x
“ v1 then 1` u21 “ v21(8)
1`
´ z
x
¯2 “ ˆ b
x
˙2
let
z
x
“ u2 & b
x
“ v2 then 1` u22 “ v22(9)
1`
´c1
x
¯2 “ ˆd1
x
˙2
let
c1
x
“ u3 & d1
x
“ v3 then 1` u23 “ v23(10)
1`
´c2
x
¯2 “ ˆd2
x
˙2
let
c2
x
“ u4 & d2
x
“ v4 then 1` u24 “ v24(11)
We have four rational equations for Pythagorean triangles.
(12) 1` u2i “ v2i , i “ 1 . . . 4
which can be solved in parametric form:
(13) uk “ 1´ s
2
k
2sk
, vk “ 1` s
2
k
2sk
for k “ 1 . . . 4
for s P Q. We call the quadruple si“1...4, the s-parameters “ rs1, s2, s3, s4s. Wyss provides the derivation
for equations (8-13) in his paper [10].
If we substitute the s-parameters into equations (5-7), we obtain:
2u21 ` 2u22 “ u23 ` u24(14)
2u21 ` 2v22 “ v23 ` v24(15)
2v21 ` 2u22 “ v23 ` v24(16)
We next substitute si“1...4 for the ui“1...4 parameters into equation (14) to derive the governing equation:
(17) 2
ˆ
1´ s21
2s1
˙2
` 2
ˆ
1´ s22
2s2
˙2
“
ˆ
1´ s23
2s3
˙2
`
ˆ
1´ s24
2s4
˙2
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and simplify equation (17) to obtain:
s21s
2
2s
4
3s
2
4 ` s21s22s23s44 ´ 2s41s22s23s24 ´ 2s21s42s23s24`
` 4s21s22s23s24 ´ 2s21s23s24 ´ 2s22s23s24 ` s21s22s23 ` s21s22s24 “ 0
(18)
which is the governing equation for the s-parameters. This equation (18) is given by Sharipov in [6].
Ruslan Sharipov [6] points out that these parameters have to satisfy the following ten polynomial inequalities:
s1s
2
2s
3 ` s21s2s3 ´ s1s2s23 ` s1s2 ´ s2s3 ´ s1s3 ă 0,
s1s
2
2s
4 ` s21s2s4 ´ s1s2s24 ` s1s2 ´ s2s4 ´ s1s4 ă 0.
0 ă si ă 1 for i “ 1, 2, 3, 4
(19)
for rational Diophantine monoclinic pipeds to exist.
Thus we conclude: Every rational Diophantine monoclinic piped corresponds to some rs1, s2, s3, s4s s-parameter
satisfying equations (18,19).
Previous parameterizations of the perfect parallelepiped
About 2009, Jorge Sawyer and Clifford Reiter discovered a perfect parallelepiped [5]. Clifford Reiter and
Jordan Tirrell then released an additional series of papers on parameterizing them [3, 4]. A more recent
paper by Sokolowshy, VanHooft, Volkert, and Reiter has also appeared, which provides an infinite family of
monoclinic Diophantine pipeds [7].
Walter Wyss was able to successfully parameterize the perfect parallelogram which has rational sides and
two rational diagonals [8, 9], and he extended this to parameterize a family of bi-orthogonal monoclinic
pipeds [10].
Ruslan Sharipov recast Wyss’ parametrizations, as equations (6.24-6.27), and extended them to three addi-
tional mappings for the bi-orthogonal monoclinic piped, in his equation (6.31), see Sharipov [6].
Based upon Wyss’s and Sharipov’s works, the author recently discovered four parametrizations of the mon-
oclinic piped [2].
Two parameterizations of the specific s-parameter
“
1
2 , s2, s3, s4
‰
This author began a computer search for s-parameter solutions to equation (18), which originally was an
O8 type of search, very slow and inefficient. By studying the equation, some ways were found to drop the
search space to an 06 or even an O4 type of search which was much more efficient in discovering solutions.
In particular, it was decided to set s1 “ 12 and look for solutions.
After finding about a hundred or so solutions to s “ “ 12 , s2, s3, s4‰, it was noticed that the solutions seemed
to occur in two patterns.
First pattern type s “ “ 12 , ca , cb , ab ‰
Substituting these s-parameters into equation (18), we obtain:
a2 ´ 2b2
4b6a2
c6 ` 2a
4 ´ 9b2a2 ` 2b4
8b6a2
c4 `
ˆ
1
4b2
´ 1
2b4
a2
˙
c2 “ 0
or
c2
`
2c2 ´ b2 ` 2a2˘ `2b2c2 ´ a2c2 ` 2a2b2˘
8a2b6
“ 0(20)
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which has 3 solutions for c, found by setting each of the 3 factors of the numerator of equation(20) “ 0.
First solution for the first factor, c2 “ 0 :
(21) c “ 0
This solution is trivial, and thus ignored.
Second solution for the second factor, 2c2 ´ b2 ` 2a2 “ 0 :
2c2 ´ b2 ` 2a2 “ 0
2c2 “ b2 ´ 2a2
4c2 “ 2b2 ´ 4a2
c “ ˘1
2
a
2b2 ´ 4a2(22)
We want 2b2 ´ 4a2 “ ˝ which has a general parametric solution in m,n.
α2 ` β2 “ 2γ2
α “ 2mn`m2 ´ n2
β “ 2mn` n2 ´m2
γ “ m2 ` n2
Adapting that parametrization, we obtain the following expression for the second factor
`
2c2 ´ b2 ` 2a2˘ “ 0
as:
a “ mn` 1
2
`
m2 ´ n2˘ b “ m2 ` n2 c “ mn` 1
2
`
n2 ´m2˘
or(23)
a “ mn` 1
2
`
n2 ´m2˘ b “ m2 ` n2 c “ mn` 1
2
`
m2 ´ n2˘
Notice the swap between m,n for a, c.
Third solution for the third factor, 2b2c2 ´ a2c2 ` 2a2b2 “ 0 :
2b2c2 ´ a2c2 ` 2a2b2 “ 0
c2p2b2 ´ a2q “ ´2a2b2
c2pa2 ´ 2b2q “ 2a2b2
c2 “ 2a
2 ` b2
a2 ´ 2b2 “
4a2b2
2a2 ´ 4b2
c “ ˘ 2ab?
2a2 ´ 4b2(24)
Notice the similarity in the denominator to the second solution for c, except a, b are swapped.
Using the same parametric solution for 2a2 ´ 4b2 “ ˝, we find for the third factor, the expression:
a “ m2 ` n2 b “ mn` 1
2
`
m2 ´ n2˘ c “ m4 ` 2nm3 ` 2n3m´ n4´m2 ` 2nm` n2
or(25)
a “ m2 ` n2 b “ mn` 1
2
`
n2 ´m2˘ c “ ´m4 ` 2nm3 ` 2n3m` n4
m2 ` 2nm´ n2
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Collecting the four parametrized solutions, we obtain the s-parameter sets as:
a1 “ 2mn`m2 ´ n2
b1 “ 2pm2 ` n2q
c1 “ 2mn` n2 ´m2
s1pm,nq “
„
1
2
,
2mn` n2 ´m2
2mn`m2 ´ n2 ,
2mn` n2 ´m2
2pm2 ` n2q ,
2mn`m2 ´ n2
2pm2 ` n2q

(26)
a2 “ 2mn` n2 ´m2
b2 “ 2pm2 ` n2q
c2 “ 2mn`m2 ´ n2
s2pm,nq “
„
1
2
,
2mn`m2 ´ n2
2mn` n2 ´m2 ,
2mn`m2 ´ n2
2pm2 ` n2q ,
2mn` n2 ´m2
2pm2 ` n2q

(27)
a3 “ 2pn2 ` 2nm´m2qpm2 ` n2q
b3 “ pn2 ` 2nm´m2qp2mn`m2 ´ n2q
c3 “ 2pm4 ` 2nm3 ` 2n3m´ n4q
s3pm,nq “
„
1
2
,
m2 ` 2mn´ n2
n2 ` 2nm´m2 ,
2pm2 ` n2q
n2 ` 2nm´m2 ,
2pm2 ` n2q
m2 ` 2mn´ n2

(28)
a4 “ 2pm2 ` 2nm´ n2qpm2 ` n2q
b4 “ pm2 ` 2nm´ n2qp2mn` n2 ´m2q
c4 “ 2p´m4 ` 2nm3 ` 2n3m` n4q
s4pm,nq “
„
1
2
,
m2 ´ 2mn´ n2
n2 ´ 2nm´m2 ,
2pm2 ` n2q
m2 ` 2mn´ n2 ,
2pm2 ` n2q
n2 ` 2nm´m2

(29)
The parametric solutions are permutations of s-parameter sets, so only 1 is needed. For example, using
pm,nq “ p2, 1q:
s1p2, 1q “ r1{2, 1{7, 1{10, 7{10s
s2p2, 1q “ r1{2, 7, 7{10, 1{10s
s3p2, 1q “ r1{2, 7, 10, 10{7s
s4p2, 1q “ r1{2, 1{7, 10{7, 10s
We choose s1pm,nq as the best parametrization for our purposes.
In summary, for the first pattern type, s “ “ 12 , ca , cb , ab ‰, we can choose for integers m,n P Z, the following
rational solution for the s-parameter:
(30) spm,nq “
„
1
2
,
2mn` n2 ´m2
2mn`m2 ´ n2 ,
2mn` n2 ´m2
2pm2 ` n2q ,
2mn`m2 ´ n2
2pm2 ` n2q

For a rational parameter q P Q, we substitute into equation (30), m “ q, n “ 1 and obtain:
(31) spqq “
„
1
2
,
´q2 ` 2q ` 1
q2 ` 2q ´ 1 ,
´q2 ` 2q ` 1
2q2 ` 2 ,
q2 ` 2q ´ 1
2q2 ` 2

The results from spqq match the s-parameters recoverable from the parameterization of equations (8-11) in
this author’s paper [2], after using the x, y, z, c1, and c2 values to recover the corresponding si term.
Second pattern type s “ “ 12 , db , da , dc ‰
A laborious computer search found the following solutions for s1 “ 12 , in table 1. which match the second
pattern.
6 RANDALL L. RATHBUN
s-series b, a, c d q“
1
2 ,
16
7 ,
16
5 ,
16
35
‰
7,5,35 16 13“
1
2 ,
80
119 ,
80
91 ,
80
221
‰
119,91,221 80 15“
1
2 ,
160
161 ,
160
119 ,
160
391
‰
161,119,391 160 14“
1
2 ,
224
527 ,
224
425 ,
224
775
‰
527,425,775 224 17“
1
2 ,
480
1519 ,
480
1271 ,
480
2009
‰
1519,1271,2009 480 19“
1
2 ,
560
41 ,
560
29 ,
560
1189
‰
41,29,1189 560 25“
1
2 ,
560
1081 ,
560
851 ,
560
1739
‰
1081,851,1739 560 16“
1
2 ,
880
3479 ,
880
2989 ,
880
4331
‰
3479,2989,4331 880 111“
1
2 ,
1344
3713 ,
1344
3055 ,
1344
5135
‰
3713,3055,5135 1344 18“
1
2 ,
1456
6887 ,
1456
6035 ,
1456
8245
‰
6887,6035,8245 1456 113“
1
2 ,
1680
1241 ,
1680
901 ,
1680
3869
‰
1241,901,3869 1680 27“
1
2 ,
2240
12319 ,
2240
10961 ,
2240
14351
‰
12319,10961,14351 2240 115“
1
2 ,
2464
2047 ,
2464
1495 ,
2464
5785
‰
2047,1495,5785 2464 311“
1
2 ,
2640
9401 ,
2640
7979 ,
2640
12019
‰
9401,7979,12019 2640 110“
1
2 ,
3264
20447 ,
3264
18415 ,
3264
23345
‰
20447,18415,23345 3264 117“
1
2 ,
3520
721 ,
3520
511 ,
3520
7519
‰
721,511,7519 3520 38“
1
2 ,
3696
4633 ,
3696
3485 ,
3696
9605
‰
4633,3485,9605 3696 29“
1
2 ,
4160
4879 ,
4160
3649 ,
4160
10591
‰
4879,3649,10591 4160 313“
1
2 ,
6240
959 ,
6240
679 ,
6240
13289
‰
959,679,13289 6240 513“
1
2 ,
7280
4681 ,
7280
3379 ,
7280
16459
‰
4681,3379,16459 7280 310
Table 1: Computer search results matching s “ “ 12 , db , da , dc ‰
In the table, q is the variable in equation (31). We also notice from the table that d is divisible by 16.
If we substitute
“
1
2 ,
d
b ,
d
a ,
d
c
‰
into equation (18), we obtain
d4p2b2c2d4 ´ 4a2c2d4 ` 2a2b2d4 ´ 9a2b2c2d2 ` 2a2b2c4 ´ 4a2b4c2 ` 2a4b2c2q
8a4b4c4
“ 0
which is the relationship between a, b, c, d. We can solve for d in terms of a,b,c, but an homogeneous sextic
equation in a,b,c results.
Without providing the derivation, the requirements for equation (18) are met by the following two solution
sets, except that the reciprocals, bd ,
a
d ,
c
d , are used instead, but the results are equivalent:
For m,n P Z:
(32) sZpm,nq “
„
1
2
,
´3m4 ` 18n2m2 ´ 3n4
8nm3 ´ 8n3m ,
3m4 ` 6nm3 ` 6n3m´ 3n4
8nm3 ´ 8n3m ,
3m4 ´ 6nm3 ´ 6n3m´ 3n4
8nm3 ´ 8n3m

For q P Q:
(33) sQpqq “
„
1
2
,
´3q4 ` 18q2 ´ 3
8q3 ´ 8q ,
3q4 ` 6q3 ` 6q ´ 3
8q3 ´ 8q ,
3q4 ´ 6q3 ´ 6q ´ 3
8q3 ´ 8q

Please note that from the first set, that d “ 8nm3 ´ 8n3m “ 8mnpm ´ nqpm ` nq is divisible by 16 as
previously noted, because mnpm´ nqpm` nq is always divisible by 2, for any m,n P Z.
SOME NEW PARAMETERIZATIONS FOR THE DIOPHANTINE BI-ORTHOGONAL MONOCLINIC PIPED 7
A new parameterization for the s-parameter rs1, s2, s3, s4s
After carefully examining over 2,000 s-parameters found by computer search, it was noticed that a particular
s-parameter solution rs1, s2, 1, s4s occurred from time to time. A parametric solution was found, which
satisfied equation (18), however none of these sets created a rational Diophantine monoclinic piped, due to
the fact that s3 “ 1 always leads to a degenerate solution.
After experimenting with these types of sets, a new solution for s1 “ rs was discovered.
A parametric solution in Z:
SZpr, s,m, nq “ rs1, s2, s3, s4s for r, s,m, n P Z where(34)
s1 “ r
s
s2 “ pr
2 ´ s2qm4 ` p´6r2 ` 6s2qn2m2 ` pr2 ´ s2qn4
4srnm3 ´ 4srn3m
s3 “ p´r
2 ` s2qm4 ` p´2r2 ` 2s2qnm3 ` p´2r2 ` 2s2qn3m` pr2 ´ s2qn4
4srnm3 ´ 4srn3m
s4 “ pr
2 ´ s2qm4 ` p´2r2 ` 2s2qnm3 ` p´2r2 ` 2s2qn3m` p´r2 ` s2qn4
4srn3m´ 4srnm3
TZpr, s,m, nq “ p´r
2 ` s2qm2 ` p´r2 ` s2qn2
srm2 ´ srn2 “ s3 ´ s4(35)
where TZpr, s,m, nq “ s3´s4 which is a measure of how close the monoclinic piped approaches a rectangular
cuboid where s3 “ s4.
A parametric solution in Q:
SQps, rq “ rs1, s2, s3, s4s for s, r P Q where(36)
s1 “ s
s2 “ ps
2 ´ 1qr4 ` p´6s2 ` 6qr2 ` ps2 ´ 1q
4sr3 ´ 4sr
s3 “ p´s
2 ` 1qr4 ` p´2s2 ` 2qr3 ` p´2s2 ` 2qr ` ps2 ´ 1q
4sr3 ´ 4sr
s4 “ ps
2 ´ 1qr4 ` p´2s2 ` 2qr3 ` p´2s2 ` 2qr ` p´s2 ` 1q
4sr ´ 4sr3
TQps, rq “ p´s
2 ` 1qr2 ` p´s2 ` 1q
sr2 ´ s “ s3 ´ s4(37)
and similarly, TQps, rq “ s3 ´ s4, which is a measure of how close the monoclinic piped approaches the
rectangular cuboid.
Asymptotic Sequences for pipeds approaching the perfect cuboid
After discovering the parameterization, equation (36), which satisfies the second pattern type, the computer
was programmed to create 100’s of millions of s-parameters sets for SQps, rq “ rs1, s2, s3, s4s for s “ mn a
proper fraction, m ă n ă“ 500, and 202,861 unique values of r.
A batch file was created, reduced, and sorted. 121,251,195 s-parameter sets were obtained.
It was decided to plot these s-parameter points, using the x “ s3´s4 as the coordinate and y “ numeratorps2q
as the ordinate. The idea was to discover if perhaps the points had some type of pattern.
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Interestingly, after setting both the x-axis and y-axis to a log scale, the points do follow lines, strongly
hinting that they are found on rational polynomial fraction expressions. See Figure 2.
Figure 2. Raw points from the parametric solution for s1 “ 18
This is indeed the case, as uncovering the solutions for r “ 18 shows in Figure 3.
Figure 3. Parameterized points from the parametric solution for s1 “ 18
As another example, for s1 “ 118 , in Figure 4, we can recognize what is happening. These plots contain
rational polynomial fraction expressions for the points on a line. Careful point fitting revealed that the
coordinates of the points were from rational polynomial fractions with a 3rd degree numerator and 4th
degree denominator.
The plots enable the author to identify asymptotic sequences, for the monoclinic piped, where s3 u s4. This
means that the piped is approaching the perfect cuboid, either from an obtuse angle ą 900 or an acute angle
ă 900 as the angle Ñ 900.
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Figure 4. Raw and parameterized points from the parametric solution for s1 “ 118
Obtuse angle asymptotic sequence
The first discovered, because it was the easiest to recognize, was the obtuse angle asymptotic sequence where
the obtuse angle Ñ 900. In these equations, n P Z`:
sobpnq “
„
n´ 1
n
,
4n4 ´ 8n3 ` 4n´ 1
4n4 ´ 8n3 ` 4n2 ,
4n4 ´ 12n3 ` 12n2 ´ 6n` 1
4n4 ´ 8n3 ` 4n2 ,
4n4 ´ 8n3 ` 4n2
4n4 ´ 4n3 ` 2n´ 1

(38)
tobpnq “ ´p2n´ 1q
4
4pn´ 1q2n2p2n2 ´ 1qp2n2 ´ 2n` 1q(39)
Acute angle asymptotic sequences
The acute angle asymptotic sequence initially defied recognition, and it became necessary to gradually build
up the bounding sequences depending upon s1 “ t 12 , 13 , 14 , 15 , . . . u in hopes of obtaining the sequence.
These asymptotic sequences were eventually identified:
s 1
2
pnq “
„
1
2
,
8npn` 1qpn` 2q
3pn2 ´ 2qpn2 ` 4n` 2q ,
8npn` 1qpn` 2q
3pn2 ´ 2qpn2 ` 2n` 2q ,
8npn` 1qpn` 2q
3pn2 ` 2n` 2qpn2 ` 4n` 2q

(40)
t 1
2
pnq “ 32npn` 1q
2pn` 2q
3pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(41)
s 1
3
pnq “
„
1
3
,
3npn` 1qpn` 2q
2pn2 ´ 2qpn2 ` 4n` 2q ,
3npn` 1qpn` 2q
2pn2 ´ 2qpn2 ` 2n` 2q ,
3npn` 1qpn` 2q
2pn2 ` 2n` 2qpn2 ` 4n` 2q

(42)
t 1
3
pnq “ 6npn` 1q
2pn` 2q
pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(43)
s 1
4
pnq “
„
1
4
,
16npn` 1qpn` 2q
15pn2 ´ 2qpn2 ` 4n` 2q ,
16npn` 1qpn` 2q
15pn2 ´ 2qpn2 ` 2n` 2q ,
16npn` 1qpn` 2q
15pn2 ` 2n` 2qpn2 ` 4n` 2q

(44)
t 1
4
pnq “ 64npn` 1q
2pn` 2q
15pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(45)
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s 1
5
pnq “
„
1
5
,
5npn` 1qpn` 2q
6pn2 ´ 2qpn2 ` 4n` 2q ,
5npn` 1qpn` 2q
6pn2 ´ 2qpn2 ` 2n` 2q ,
5npn` 1qpn` 2q
6pn2 ` 2n` 2qpn2 ` 4n` 2q

(46)
t 1
5
pnq “ 10npn` 1q
2pn` 2q
3pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(47)
s 1
6
pnq “
„
1
6
,
24npn` 1qpn` 2q
35pn2 ´ 2qpn2 ` 4n` 2q ,
24npn` 1qpn` 2q
35pn2 ´ 2qpn2 ` 2n` 2q ,
24npn` 1qpn` 2q
35pn2 ` 2n` 2qpn2 ` 4n` 2q

(48)
t 1
6
pnq “ 96npn` 1q
2pn` 2q
35pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(49)
s 1
7
pnq “
„
1
7
,
7npn` 1qpn` 2q
12pn2 ´ 2qpn2 ` 4n` 2q ,
7npn` 1qpn` 2q
12pn2 ´ 2qpn2 ` 2n` 2q ,
7npn` 1qpn` 2q
12pn2 ` 2n` 2qpn2 ` 4n` 2q

(50)
t 1
7
pnq “ 7npn` 1q
2pn` 2q
3pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(51)
s 1
8
pnq “
„
1
8
,
32npn` 1qpn` 2q
63pn2 ´ 2qpn2 ` 4n` 2q ,
32npn` 1qpn` 2q
63pn2 ´ 2qpn2 ` 2n` 2q ,
32npn` 1qpn` 2q
63pn2 ` 2n` 2qpn2 ` 4n` 2q

(52)
t 1
8
pnq “ 128npn` 1q
2pn` 2q
63pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(53)
s 1
9
pnq “
„
1
9
,
9npn` 1qpn` 2q
20pn2 ´ 2qpn2 ` 4n` 2q ,
9npn` 1qpn` 2q
20pn2 ´ 2qpn2 ` 2n` 2q ,
9npn` 1qpn` 2q
20pn2 ` 2n` 2qpn2 ` 4n` 2q

(54)
t 1
9
pnq “ 9npn` 1q
2pn` 2q
5pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(55)
s 1
10
pnq “
„
1
10
,
40npn` 1qpn` 2q
99pn2 ´ 2qpn2 ` 4n` 2q ,
40npn` 1qpn` 2q
99pn2 ´ 2qpn2 ` 2n` 2q ,
40npn` 1qpn` 2q
99pn2 ` 2n` 2qpn2 ` 4n` 2q

(56)
t 1
10
pnq “ 160npn` 1q
2pn` 2q
99pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(57)
s 1
11
pnq “
„
1
11
,
11npn` 1qpn` 2q
30pn2 ´ 2qpn2 ` 4n` 2q ,
11npn` 1qpn` 2q
30pn2 ´ 2qpn2 ` 2n` 2q ,
11npn` 1qpn` 2q
30pn2 ` 2n` 2qpn2 ` 4n` 2q

(58)
t 1
11
pnq “ 22npn` 1q
2pn` 2q
15pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(59)
s 1
12
pnq “
„
1
12
,
48npn` 1qpn` 2q
143pn2 ´ 2qpn2 ` 4n` 2q ,
48npn` 1qpn` 2q
143pn2 ´ 2qpn2 ` 2n` 2q ,
48npn` 1qpn` 2q
143pn2 ` 2n` 2qpn2 ` 4n` 2q

(60)
t 1
12
pnq “ 192npn` 1q
2pn` 2q
143pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(61)
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s 1
13
pnq “
„
1
13
,
13npn` 1qpn` 2q
42pn2 ´ 2qpn2 ` 4n` 2q ,
13npn` 1qpn` 2q
42pn2 ´ 2qpn2 ` 2n` 2q ,
13npn` 1qpn` 2q
42pn2 ` 2n` 2qpn2 ` 4n` 2q

(62)
t 1
13
pnq “ 26npn` 1q
2pn` 2q
21pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(63)
s 1
14
pnq “
„
1
14
,
56npn` 1qpn` 2q
195pn2 ´ 2qpn2 ` 4n` 2q ,
56npn` 1qpn` 2q
195pn2 ´ 2qpn2 ` 2n` 2q ,
56npn` 1qpn` 2q
195pn2 ` 2n` 2qpn2 ` 4n` 2q

(64)
t 1
14
pnq “ 224npn` 1q
2pn` 2q
195pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(65)
s 1
15
pnq “
„
1
15
,
15npn` 1qpn` 2q
56pn2 ´ 2qpn2 ` 4n` 2q ,
15npn` 1qpn` 2q
56pn2 ´ 2qpn2 ` 2n` 2q ,
15npn` 1qpn` 2q
56pn2 ` 2n` 2qpn2 ` 4n` 2q

(66)
t 1
15
pnq “ 15npn` 1q
2pn` 2q
14pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(67)
s 1
16
pnq “
„
1
16
,
64npn` 1qpn` 2q
255pn2 ´ 2qpn2 ` 4n` 2q ,
64npn` 1qpn` 2q
255pn2 ´ 2qpn2 ` 2n` 2q ,
64npn` 1qpn` 2q
255pn2 ` 2n` 2qpn2 ` 4n` 2q

(68)
t 1
16
pnq “ 256npn` 1q
2pn` 2q
255pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(69)
s 1
17
pnq “
„
1
17
,
17npn` 1qpn` 2q
72pn2 ´ 2qpn2 ` 4n` 2q ,
17npn` 1qpn` 2q
72pn2 ´ 2qpn2 ` 2n` 2q ,
17npn` 1qpn` 2q
72pn2 ` 2n` 2qpn2 ` 4n` 2q

(70)
t 1
17
pnq “ 17npn` 1q
2pn` 2q
18pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(71)
s 1
18
pnq “
„
1
18
,
72npn` 1qpn` 2q
323pn2 ´ 2qpn2 ` 4n` 2q ,
72npn` 1qpn` 2q
323pn2 ´ 2qpn2 ` 2n` 2q ,
72npn` 1qpn` 2q
323pn2 ` 2n` 2qpn2 ` 4n` 2q

(72)
t 1
18
pnq “ 288npn` 1q
2pn` 2q
323pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(73)
s 1
19
pnq “
„
1
19
,
19npn` 1qpn` 2q
90pn2 ´ 2qpn2 ` 4n` 2q ,
19npn` 1qpn` 2q
90pn2 ´ 2qpn2 ` 2n` 2q ,
19npn` 1qpn` 2q
90pn2 ` 2n` 2qpn2 ` 4n` 2q

(74)
t 1
19
pnq “ 38npn` 1q
2pn` 2q
45pn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(75)
After obtaining these 18 sequences, Maxima was used to derive the coefficients where dÑ8.
A two parameter acute angle asymptotic sequence
A solution for the asymptotic sequence where the acute angle Ñ 900 contains two parameters for the input,
d, n P Z`, where d is the value of the denominator in the s1 “ 1d term, and n is the sequence number in that
particular s1 sequence.
This is not the same as the sequence for the obtuse angle Ñ 900 as it only takes 1 parameter for input.
The solution for the two parameter acute angle asymptotic sequence is:
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s 1
d
pd, nq “
„
1
d
,
4dnpn` 1qpn` 2q
pd´ 1qpd` 1qpn2 ´ 2qpn2 ` 4n` 2q ,
4dnpn` 1qpn` 2q
pd´ 1qpd` 1qpn2 ´ 2qpn2 ` 2n` 2q ,
4dnpn` 1qpn` 2q
pd´ 1qpd` 1qpn2 ` 2n` 2qpn2 ` 4n` 2q
(76)
t 1
d
pd, nq “ 16dnpn` 1q
2pn` 2q
pd´ 1qpd` 1qpn2 ´ 2qpn2 ` 2n` 2qpn2 ` 4n` 2q(77)
where d, n P Z`.
Some concluding comments on the s-parameters and their pipeds
Initially the computer was programmed to do raw brute force searches for s-parameter sets for equation (18)
and found 3,280 solutions.
After discovering the parameter solution, equation (34) or equation(36), the computer created a large batch
of solutions to see how many of the raw solutions were included in this set.
It was discovered that only 16 solutions do not appear in the parameterization, thus the solution covered
99.5% of the raw solutions, which is quite remarkable.
These 16 s-parameter solutions are
rs1, s2, s3, s4s“
3
10 ,
4
15 ,
4
5 ,
3
20
‰“
42
55 ,
35
132 ,
20
77 ,
35
132
‰“
41
65 ,
455
943 ,
13
35 ,
23
41
‰“
143
217 ,
403
616 ,
8
11 ,
104
217
‰“
68
401 ,
401
721 ,
2807
4964 ,
4964
41303
‰“
348
401 ,
401
527 ,
6817
8700 ,
8700
12431
‰“
314
415 ,
415
527 ,
1411
1570 ,
1570
2573
‰“
188
433 ,
433
623 ,
964
3031 ,
38537
45308
‰“
253
439 ,
439
527 ,
6325
7463 ,
6325
13609
‰“
205
457 ,
457
527 ,
5125
7769 ,
5125
14167
‰“
294
473 ,
473
697 ,
3738
8041 ,
19393
26166
‰“
55
479 ,
479
721 ,
3353
4015 ,
4015
49337
‰“
138
481 ,
481
527 ,
3450
8177 ,
3450
14911
‰“
341
661 ,
661
791 ,
1903
4627 ,
58993
74693
‰“
38
751 ,
751
959 ,
3686
5257 ,
3686
102887
‰“
62
769 ,
769
791 ,
346
5383 ,
10726
86897
‰
Table 2: Raw search results not matching any parametrization.
It would be interesting to come up with some new rational polynomial fraction expressions for these s-
parameters, as the 5th and following terms listed above seem to follow the same type of pattern, s1, s2 “ ab , bc .
As a general note, none of the rational polynomial fractions in this paper, for s3, and s4 can be equated in
an attempt to find the perfect cuboid solution, as doing so caused the parameter rs or r to go to 1, giving a
degenerate solution. Thus no perfect cuboids exist as a solution of any of these expressions.
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This author also checked all the monoclinic pipeds for rational area or volume, from the parameterizations,
none had any face parallelograms with rational area, nor did any have a rational volume. None of the
Diophantine monoclinic piped parametrizations have the vertices embedded in the rational lattice. This is
in regard to two questions from Sawyer and Reiter [5].
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